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A novel theoretial model of dynami instability of a system of linear (1D) mirotubules (MTs) in
a bounded domain is introdued for studying the role of a ell edge in vivo and analyzing the eet
of ompetition for a limited amount of tubulin. The model diers from earlier models in that the
evolution of MTs is based on the rates of single unit (e.g., a heterodimer per protolament) trans-
formations, in ontrast to postulating eetive rates/frequenies of larger-sale hanges, extrated,
e.g., from the length history plots of MTs. Spontaneous GTP hydrolysis with nite rate after poly-
merization is assumed, and theoretial estimates of an eetive atastrophe frequeny as well as
other parameters haraterizing MT length distributions and ap size are derived. We implement
a simple ap model whih does not inlude vetorial hydrolysis. We demonstrate that our theoret-
ial preditions, suh as steady state onentration of free tubulin, and parameters of MT length
distributions, are in agreement with the numerial simulations. The present model establishes a
quantitative link between mirosopi parameters governing the dynamis of MTs and marosopi
harateristis of MTs in a losed system. Lastly, we use a omputational Monte Carlo model to
provide an explanation for non-exponential MT length distributions observed in experiments. In
partiular, we show that appearane of suh non-exponential distributions in the experiments an
our beause the true steady state has not been reahed, and/or due to the presene of a ell edge.
PACS numbers: 87.16.Ka, 82.35.-x, 05.40.-a
I. INTRODUCTION
Mirotubules (MTs) are intraellular polymers whih
provide a part of the ytoskeleton and are responsible for
many ell funtions inluding division, organelle move-
ment, and intraellular transport. A ell is a living ob-
jet, and as suh it has to onstantly adjust to and om-
muniate with a hanging environment. For this purpose,
MTs possess a property alled dynami instability, whih
enables them to promptly swith between two modes,
growth and shortening [1, 2, 3℄. This is ahieved through
MT having a stabilizing ap whih keeps the MT from
disassembling. The MT tends to depolymerize when the
ap is lost [2, 3, 4, 5℄. The ap gradually hydrolyzes and
beomes unstable as well, and so for the MT to survive
it has to grow to renew its ap.
The existene of a GTP ap at the end of MTs [4℄ and
the phenomenon of dynami instability [1℄ were disov-
ered in the early 1980s. Hill and Chen used a Monte Carlo
approah to simulate this behavior [2, 6℄, employing a
representation of an MT in whih its ap ould onsist of
many units (heterodimers). One of the main outomes
of their work was a suggestion that a two-phase (ap,
no ap) model of dynami instability, based only on ob-
servable marosopi rates of phase and length hanges,
was suient to understand the behavior of the ensem-
ble of MTs (f. [5, gs. 4-6℄). This approah has been
prevalent sine then in modeling the behavior of an en-
∗
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semble of MTs [5, 7, 8, 9, 10, 11, 12, 13, 14, 15℄. One
exeption was the theoretial model of Flyvbjerg et al.
[16, 17℄ whih onsidered an elegant theoretial model of
the GTP ap dynamis. This model was based on miro-
sopi onstitutuve proesses of spontaneous and veto-
rial hydrolyses inside the MT, and utuating growth of
the ap size. Quite reently many detailed models of a
single MT began to emerge [18, 19, 20, 21, 22℄ whih try
to inorporate biologial details observed reently due to
advanes in the experimental tehniques. In partiular, it
is now known from the experiments that the tips of MTs
an have geometrial ongurations typial to growing
and shortening MTs, whih dier from one another (e.g.,
[3℄). This is losely related to the idea of the strutural,
and not neessarily a GTP ap [18℄, when due to ten-
sile stresses inside the elasti body of an MT, its shape
deforms from a ylinder towards the tip.
In both in vitro and in vivo experiments, dynamis of
MTs have been observed under a large variety of physial
onditions and in various hemial environments. Muh
data has been aumulated inluding parameter values
desribing the MT dynamis and length distributions.
Can these values be predited based on the onditions of
the experiments? How would hange in ambient ondi-
tions or the presene of spatial onstraints aet observ-
ables? These questions are diult, if not impossible,
to answer using the models with postulated observable
(marosopi) rates.
In this paper we analyze a novel model of MT dynam-
is in a nite domain bounded by the ell edge, whih
involves ompetition of individual MTs for tubulin. The
model is based on a linear 1D approximation of a MT
2struture. We onsider the role of the boundary and
extend the model to inorporate nite hydrolysis. Our
model is dierent from earlier works [11, 15℄ addressing
the role of the edge in that we expliitly onsider the
onentration dependene of the dynami instability pa-
rameters, as well as a ompetition for a limited tubulin
pool.
Namely, we use a generalization of a mirosopi model
of MTs introdued in [23℄. Instead of postulating maro-
sopi rates [2, 5℄ or deduing them from numerial sim-
ulations [6℄, we estimate them theoretially from basi
mirosopi rates of (de)polymerization and hydrolysis
of a single unit (whih an, but does not have to be in-
terpreted as a heterodimer). This results in a higher-
resolution theoretial model whih may be more suitable
for today's higher-resolution experiments, and an par-
tially address the above questions.
One of the main results of the paper is an estab-
lishment of a link, by using analytial formulas, be-
tween mirosopi parameters, desribing polymeriza-
tion/depolymerization and hydrolysis of individual units,
and marosopi (observable) harateristis of the MT
dynamis and ensemble. We demonstrate how to ap-
proximate marosopi steady state behavior of MTs us-
ing mirosopi rates and vie versa, extrat mirosopi
rates from marosopi behavior. Hene, it makes it pos-
sible to analytially and quantitatively predit the eet
of hanges in mirosopi parameters on observable fea-
tures, as well as to dedue mirosopi hanges from ob-
served hanges in marosopi behavior, when relevant
geometry and hemistry is taken into aount.
We also use a omputational Monte Carlo model to
provide an explanation for non-exponential MT length
distributions observed in experiments. In partiular, we
show that appearane of suh non-exponential distri-
butions in the experiments an our beause the true
steady state has not been reahed, and/or due to the
presene of a ell edge.
The paper is organized as follows. The oneptual
model and its omputational implementation are pre-
sented in Setion II. Next, in Setion III we develop a ap
model where the ap an have any number of (sub)units,
whih an be single heterodimers - see Figure 1B. This
ap model diers from previous models in that it does
not involve vetorial or indued hydrolysis. Using this
model we derive approximate expressions for observable
rates. We then desribe in Setions IV and V a quantita-
tive theoretial analysis of a lower-resolution model with
the ap being treated as a single unit - see Figure 1A.
The inuene of the ell edge is also studied there. Se-
tion V desribes balane between polymerized and free
tubulin in a bounded domain with a xed total amount
of tubulin present. Finally, we disuss and summarize
our ndings in Setions VI and VII.
Figure 1: Shemati representation of the model.
II. MODEL DESCRIPTION, PARAMETERS
AND NOTATIONS
In this setion we desribe a basi model of dynamis of
MTs. We onsider a domain of size Lx×Ly×Lz with Nn
available nuleation sites for MTs in its enter. Nn is the
maximal number of MTs - f. Table I. For simpliity, in
our study of the role of the boundary (e.g., ell edge) we
assume that all MTs have an idential maximal allowed
length. All MTs grow from nuleation sites (there is no
spontaneous nuleation), and MTs grow at one end (usu-
ally the so-alled plus end) only. There is a xed amount
of total tubulin in the domain. This tubulin is present in
two forms: free tubulin in the solution and polymerized
tubulin onstituting the MTs. Free tubulin is taken up
by growing (polymerizing) MTs and is released bak into
the solution by shortening MTs. In general, free tubulin
(Tu) diuses inside the domain. In this paper we assume
that the diusion of free Tu is fast and does not lead to
a diusion-limited reation rates. This is in agreement
with [24℄. Moreover, we assume uniform onentration
of free tubulin throughout the domain whih implies in-
stantaneous diusion. (For the studies of the eets of
tubulin diusion see [25, 26℄.)
In this paper a MT is represented at eah moment in
time in the form of a 1D straight line onsisting of a er-
tain number of units of a predened length. Eah unit
belonging to a MT an be in either a growth-prone state
or a shortening-prone state. We will refer to them as
GTP (or T) state or GDP (or D) state respetively. All
free tubulin is assumed to be in a T state. When a unit
joins the MT it is initially in a T state. The probabil-
ity that the internal units have hydrolyzed (transformed
to a D state) inreases with time. When MT disassem-
bles (shortens) these D units, upon beoming terminal,
have higher probability to disassemble and return to the
3Symbol Denition Dimensions
c onentration of free tubulin µM
c∞eq ritial onentration of free tubulin µM
ctot total onentration of tubulin µM
kgT pseudo-rst order rate of adding a unit on top of a terminal T unit µM
−1s−1
kgD pseudo-rst order rate of adding a unit on top of a terminal D unit µM
−1s−1
λ parameter of exponential distribution (number of units) -
ℓ harateristi ap size (number of units) -
m mean length (number of units) of MTs -
n oarsened step size in the ap model (number of units) -
ρ (n− 1)/(ℓ − 1) -
Ke rate of the edge-indued atastrophe s
−1
Kh rate of hydrolysis (transformation to D state) of internal T units s
−1
KgT rate of adding a unit on top of a terminal T unit s
−1
KeffgT eetive rate of growing by one unit in growth phase s
−1
KobsgT rate of growing by n units in growth phase s
−1
KgD rate of adding a unit on top of a terminal D unit s
−1
Kn nuleation rate of a MT s
−1
KsT rate of depolymerization of terminal T unit s
−1
KeffsT eetive rate of shortening by one unit in growth phase s
−1
KobssT rate of shortening by n units in growth phase, = atastrophe frequeny s
−1
KsD rate of depolymerization of terminal D unit s
−1
L maximal length (number of units) of MTs in domain with upper bound -
Lx, Ly , Lz domain sizes in the numerial simulations m
Mg(l) number of MTs of length l (number of units) in growth phase -
Ms(l) number of MTs of length l (number of units) in shortening phase -
N0 number of free nuleation seeds -
NMT number of MTs, ≤ Nn -
Nn total number of nuleation seeds -
Table I: Notation highlights. The dash (-) means that the onsidered parameter/variable is dimensionless.
solution than the terminal T units. Upon return to the
solution they immediately swith to the T state. The ter-
minal T unit does not hydrolyze but an with a ertain
probability depolymerize (drop from MT end). Inorpo-
ration of a new unit at the MT tip triggers the hydrolysis
proess of the previously terminal unit. This desription
seems appropriate in view of [3℄.
The dynamis of the MTs is determined by ve mi-
rosopi rates, KgT (KgD) and KsT (KsD), whih are
the rates of MT growth and shortening (i.e. adding one
more unit from the solution on top of the urrent ter-
minal unit, and losing this urrent terminal unit to the
solution) when the terminal unit is in state T (D), and
the hydrolysis rate Kh of the internal units whih are in
state T. If the terminal unit has to hydrolyze in order to
depolymerize (and its hydrolysis rate is not faster than
that for the internal units) then KsT < Kh.
For numerial simulations, shortening rates are taken
to be independent of  while growth rates are assumed
proportional to  at the loation of MT tip:
KgT,gD = kgT,gDc. (1)
Suh spei dependene of the growth and shortening
rates on , though, is not required for many of the theo-
retial results we report.
When the MT reahes boundary of the domain it is
not allowed to grow any more and will eventually lose its
terminal unit initiating with ertain probability a short-
ening phase. There are two more rates at the domain
boundary of importane in the model: rate Kn of nule-
ation from existing seeds and a rate Ke of edge-indued
atastrophe, whih an also depend on . Appendix A
ontains a brief desription of a numerial algorithm we
used in our simulations.
In what follows, we will impose restrition on a max-
imal length of a MT (upper bound, e.g., due to a ell
edge). We will all zero a lower bound.
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Figure 2: Length history plots of three arbitrarily seleted
MTs. Zero time here orresponds to 80 seonds from the
start of the simulation. Here Kh = 10, ctot = 10 and other
parameters are listed in Table II. See also Fig. 5.
A. Observables
The standard experimental observables desribing the
dynami behavior of a single MT are derived from the
MT length vs. time plot. Typial length history plots of
MTs are shown in Fig. 2. Due to the two-state nature of
the tubulin units inside the MT, the utuations in this
length may be large and even in the (marosopially)
steady state eah MT an repeatedly hange its length
all the way from zero to some harateristi length, or to
the boundary. If no boundary is present and if free tubu-
lin onentration stays high enough (if KgT and KgD are
high enough) MTs an grow unbounded [7, 25, 27℄. From
a sawtooth-like evolution of an MT length four param-
eters an be extrated: the veloity/rate of growth, the
veloity/rate of shortening, the average time of growth
before swithing to shortening, and the average time of
shortening before swithing to growth. The inverses of
these times dene the so-alled atastrophe frequeny
and the resue frequeny, respetively. Note that brief
growth or shortening intervals may pass unnotied in the
analysis of experimental data. Some models of dynamis
of MTs use these four parameters as given onstants for
onstruting analytial solutions [7, 11℄ ignoring their mi-
rosopi origin. In Setion III we use mirosopi rates
to derive the observable growth veloity and atastrophe
frequeny instead of setting them from the beginning.
III. CAP MODEL
Carlier and olleagues [4, 28, 29℄ have provided exper-
imental evidene that the GTP ap of the MTs is not
restrited to the units at the very tip. This suggests that
the hydrolysis is not instantaneous, a onlusion also sup-
ported by work on yeast tubulin [30, 31℄. To inorporate
this feature into our approah we develop a new model for
the ap. In this setion we show that using this model,
based on the underlying mirosopi laws, one an pre-
dit the observables: the atastrophe frequeny and the
veloity (rate) in the growth phase of MTs. In other
words, the mirosopi laws of the MT dynamis, gov-
erning single unit polymerization/depolymerization and
hydrolysis, an be related to maro-sale (observable) dy-
namis of an MT.
When Kh < ∞, the MT ap in our model onsists
mainly of T units (f. Fig. 1B) and possibly of a few
D units and has some harateristi length (number of
units) ℓ > 1. When Kh → ∞ then ℓ = 1 beause only
the terminal unit is not allowed to hydrolyze and it is
in a T state. Our approah is based on oarsening the
resolution in the growth phase so that only bloks of the
order of ap size, n ∼ ℓ, are added. By atastrophe we
understand the loss of the ap. In what follows we will
establish a onnetion between oarsened observed rate
onstants KobssT,gT of growing or shortening in the growth
phase, and the original ratesKsT,gT and Kh. There is no
need to resale KsD,gD, if the free tubulin onentration
is not too low. Therefore, we only onsider a model for
the MT ap and don't alter the rest.
Let us onsider the ap model in detail. In what follows
we neglet the utuations in ℓ due to randomness in hy-
drolysis, and we assume that eah T unit is hydrolyzed
after staying an internal unit for a time ∆th = 1/Kh.
After the resue or nuleation event ours the ap be-
gins to grow. It has time ∆tg + ∆th to elongate, where
∆tg = 1/(KgT + KsT ) is the time of a single-unit step
in the growth phase. After that its average length re-
mains onstant (under assumption that no atastrophe
ours during this time). For the atastrophe to our
the ap should be lost, due to utuations in ap size
and in the growth veloity [2, 5, 32℄. In our analysis we
onsider two senarios for ap loss: (i) roughly half of
the ap is lost due to random nature of MT's growth,
and the seond half gets hydrolyzed during this time, or
(ii) the whole ap is lost due to random utuations in
MT growth. Keeping in mind that the terminal unit an-
not be lost as a result of hydrolysis, in desription (i) we
require that (ℓ+ 1)/2 and (ℓ− 1)/2 units are lost due to
utuations in MT growth and propagation of hydrolysis
front, respetively. We dene
ρ =
n− 1
ℓ− 1 . (2)
In ase (i) n = (ℓ + 1)/2 and ρ = 1/2, while in ase
(ii) n = ℓ and ρ = 1. It is important to stress that ρ
is introdued as a xed parameter set a priori, based on
the senarios of ap loss similar to (i) and (ii). The two
desriptions (i) and (ii) determine the duration of the
oarsened step
∆tobsg ≡
1
KobsgT +K
obs
sT
= ρ∆th+∆tg ≡ ρ· 1
Kh
+
1
KgT +KsT
.
(3)
5For a given n, in order to resale/oarsen the dynamis
in the growth phase we require that both the average
veloity and the diusion oeient of the MT tip remain
unhanged. For a random walk on a line, with probability
p to jump to the right and q = 1− p to jump to the left,
the average veloity is v = (p−q)∆x/∆t and the diusion
oeient isD = 2pq∆x2/∆t. Here∆x is the step length
and ∆t is the time per step. In ase of the original walk
p = pg = KgT∆tg, ∆x = 1 and ∆t = ∆tg, while in
ase of the resaled walk p = KobsgT ∆t
obs
g , ∆x = n and
∆t = ∆tobsg is given by eq. (3). After introduing the
eetive rates of adding or losing one unit (as opposed to
one blok),
KeffgT,sT ≡ nKobsgT,sT , (4)
and using onservation of v and D we obtain that
KeffgT −KeffsT = KgT −KsT (5)
KeffgT K
eff
sT n
KeffgT +K
eff
sT
=
KgTKsT
KgT +KsT
. (6)
From eqs. (3) and (4) n/(KeffgT + K
eff
sT ) an be found
and substituted into eq. (6), resulting in
KeffgT K
eff
sT = β, (7)
where
β ≡ KgTKsT
1 + ρ · KgT +KsT
Kh
. (8)
After solving Eqs. (5) and (7) and hoosing only positive
solutions we obtain that
KeffgT =
KgT −KsT +
√
(KgT −KsT )2 + 4β
2
(9)
KeffsT =
−KgT +KsT +
√
(KgT −KsT )2 + 4β
2
. (10)
Expression (9) displays some expeted features. Namely,
when Kh → ∞ ⇒ KeffgT → KgT and when Kh →
0 ⇒ KeffgT → (KgT − KsT + |KgT − KsT |)/2 =[
KgT −KsT , KgT ≥ KsT
0, KgT ≤ KsT
. In general, max(0,KgT −
KsT ) ≤ KeffgT ≤ KgT .
Eq. (6) ombined with eqs. (9) and (10) yields
n =
KgTKsT
KgT +KsT
√
(KgT −KsT )2 + 4β
β
(11)
and eq. (2) an now be used to determine ℓ. On the
other hand, ℓ an be approximated as follows:
ℓ ≈ KeffgT ∆th + 1 =
KeffgT
Kh
+ 1, (12)
where the term KeffgT ∆th approximates the number of
added units after the beginning of a growth phase, before
the hydrolysis front starts moving. In fat, eq. (12) an
be used as a denition of ℓ and n an be found from eq.
(2). Then there is no need for eq. (3) as eqs. (5), (6)
and (12) form a losed set of equations. This approah,
however, leads to a ubi equation for KeffgT , while in the
above approah we need to solve a quadrati equation,
whih is muh simpler. Nevertheless, the denition of
ℓ through eq. (12) seems to work better in the limit
of KgT → 0. Namely, substituting eq. (12) into eq.
(2) yields n = 1 + ρKeffgT /Kh and the only non-negative
solution of this equation together with eqs. (5) and (6),
in the limit KgT → 0, is KeffgT = 0, KeffsT = KsT and
n = 1. Indeed, it seems reasonable to postulate that
n → 1, i.e., there is no resaling, when KgT → 0. This
does not follow from eqs. (8) and (11), whih lead to
n→ 1 + ρKsT /Kh > 1 instead.
Using the above developments, it is possible to derive
saling behaviors of various quantities as funtions of,
e.g.,  and Kh. For example, substituting eqs. (2) and
(12) into eq. (8) and using eq. (7) together with eq. (4)
leads to
KobssT ≈
1
n
· KgTKsT
KeffgT + (n− 1)(KgT +KsT )
≈


KsT
n2
, KgT ≫ KsT
KsT
2n(n− 1) , KgT ≫ K
eff
gT
,
(13)
so that the atastrophe rate (frequeny) KobssT sales as
n−2 ∝ ℓ−2. This is harateristi of diusive saling
beause time to atastrophe is determined by diusive
movement of the hydrolysis front relative to the MT tip.
If free tubulin onentration  is not too small, then eqs.
(11), (8) and (1) yield n ∝ c and hene KobssT ∝ c−2,
whih is in at least qualitative agreement with previous
preditions [13, 33℄. The saling KobssT ∝ n−2 might have
been postulated, as well, whih would have led us to an
additional version of the solution of the ap model.
To provide another saling example, let us now assume
that Kh is small and KgT ≈ KsT . Then from eq. (8) it
follows that β ≈ KhKsT /(2ρ) ∝ Kh. If β ≫ (KgT −
KsT )
2
, i.e., if Kh is not too small, then eq. (11) yields
n ∝ K−1/2h and hene ℓ ∝ K−1/2h as well. Notie, that
it is the same saling as derived for atin polymers [34,
eq.3℄.
IV. ENSEMBLE DYNAMICS OF
MICROTUBULES
In this setion we treat ap as a single eetive unit - f.
Fig. 1. Thus the model essentially redues to the two-
phase model proposed in [5℄. First, we rederive length
6distribution of MTs, whih are known in the literature.
In partiular, we study the role of upper bound (e.g.,
ell edge). We use these results for analyzing in the next
setion ompetition for a nite tubulin pool. We also
onsider the steady state ritial onentration of free
Tu.
In what follows, we use either the disrete or the on-
tinuous desription of MT dynamis, whihever is on-
venient. We assume that the ontinuous model provides
a good approximation of the disrete model. The on-
tinuous approah was disussed in [7, 35, 36℄ while an
analogous disrete approah was developed in [5, 11℄.
Following [7℄ we write down the equations for length dis-
tributions of MTs in growth and shortening phases in the
form
∂tMg = −KobssT Mg +KgDMs −KeffgT ∂lMg (14)
∂tMs = K
obs
sT Mg −KgDMs +KsD∂lMs, (15)
where Mg,s(l, t) are densities of MTs of length l at time
t, in the growing (g) and shortening (s) phases.
Equations (14) and (15) an be used to desribe reg-
ular diusion with drift, if we don't distinguish between
the phases (see also [15℄). However, it is important to
stress that these equations don't have diusion terms for
Mg,s(l, t) and hene swithing phases bak and forth is
the only mehanism of spreading of these distributions
present. This is in agreement with our simulations in the
ase of instantaneous hydrolysis of internal units. Notie
that diusion terms are used in [5℄.
First, onsider a semi-innite domain. Equations (14)
and (15) with the boundary ondition Mg,s(l = ∞) = 0
have the following steady state solution
Mg = Ae
−l/λ, (16)
Ms =
KeffgT
KsD
Ae−l/λ, (17)
where
1
λ
≡ K
obs
sT
KeffgT
− KgD
KsD
. (18)
The neessary ondition for the existene of a steady
state in the ase without a boundary is given by λ > 0.
The prefator A is a normalization oeient whih
depends on the total number of MT nuleation seeds
present and on the nuleation probability.
We now add a onstraint limiting the maximal length
of MTs to be L. MTs annot beome longer due to a
barrier, for example a ell edge, as is often the ase in
vivo, espeially when the ell is in the interphase and
the MTs are relatively long. For simpliity we assume
that L is idential for all MTs. We still an use eqs.
(14) and (15) inside the domain, for 0 < l < L, and
onsider a steady state. Adding up these two equations
then leads to ∂l(−KeffgT Mg +KsDMs) = 0, whih means
that the spatial derivative of the ux (of the MT tips,
onsidered as random walkers) is zero meaning that the
ux is uniform. However, in the losed system this ux
must be zero and hene
Ms =
KeffgT
KsD
Mg. (19)
It follows that eqs. (16), (17) and (18) still hold inside the
domain, exept for λ not being neessarily positive, whih
is in agreement with previous work [11℄. This means qual-
itatively that there might be a steady state distribution
of MTs in whih most of them are lose to the upper
boundary (e.g., ell edge), while only a few are short.
A. Critial onentration of free tubulin
Let us onsider the limiting ase 1/λ = 0 (f. eq. (18)).
This denes the upper limit of the onentration of free
tubulin c∞eq at whih the steady state in the semi-innite
domain still exists (f. [7℄). Let us use eq. (1) and dene
a =
KsT
kgT
, b =
√
KsTKsD
kgT kgD
. (20)
Beause the MTs in the growth phase are less likely to
shorten than are MTs in the shortening phase, a < b. In
general, c∞eq ∈ [a, b]. Notie that slowdown of hydrolysis
redues c∞eq(Kh). When hydrolysis is instantaneous then
 reahes its maximal value c∞eq(∞) = b. When there
is no hydrolysis at all then c∞eq(Kh) reahes its minimal
value c∞eq(0) = a meaning that the average growth rate
in this ase, kgT c
∞
eq(0)−KsT , is zero.
One an get a saling estimate of c∞eq if it is far enough
from both a and b. Assume that KgT ≫ KsT and
KgT ≫ Kh. Using eq. (1), then KeffgT ≈ KgT ∝ c. Now,
ρ is of order of 1, so that from eq. (8) and eq. (11) it fol-
lows that β ∼ KsTKh ≪ K2gT and n ∼ KgT /Kh ∝ c/Kh,
respetively. Hene KobssT ≈ KsT /n2 ∝ (Kh/c)2. Substi-
tuting these saling relations into 1/λ = 0 and using eq.
(18) yields c∞eq ∝
√
Kh.
Notie that if there are no resues, kgD = 0, then c
∞
eq
is innite (see also [33℄) and unbounded growth an not
happen. This is so beause without resues the MT de-
polymerizes ompletely after the atastrophe, no matter
how long it was before.
V. COMPETITION FOR TUBULIN
In Setion IV we have shown the existene of a steady
state distribution of MTs inside a domain. It is oneiv-
able that by sensing and ontrolling free tubulin onen-
tration and the number of MTs the ell regulates MT
7dynamis, as suggested in [23, 33℄. In what follows we
show in detail how to determine a steady state onentra-
tion of free tubulin , whih is the key to nding steady
state harateristis of MTs in a losed system. The main
goal of this setion is to derive expressions for the average
number of units per MT m, and a number of MTs NMT
as funtions of c and the other parameters. These fun-
tions are needed to determine  from the onservation of
total tubulin. Beause m an not extend beyond the do-
mains' boundary, and beause NMT is less or equal than
a number of nuleation sites Nn, the number of polymer-
ized units in a bounded domain stays restrited as the
amount of total Tu grows.
In what follows we assume that the total amount of
tubulin is onstant and we onsider bounded domain of
volume V . We also assume instantaneous diusion so
that the onentration of free tubulin is uniform through-
out the domain. Hene,
Ntot = Nfree +mNMT , (21)
where Ntot is a total number of tubulin units in the do-
main and Nfree is a number of free tubulin units. By
dividing this formula by V we obtain expression for on-
entrations measured in miromolars (µM)
ctot = c+
mNMT
10−3NAV
, (22)
where V is given in m3 and 1µM is equal to 10−6NA
units per liter or 10−3NA units per m
3
; NA ≈ 6.022 ×
1023mol−1 is the Avogadro's onstant. We will use this
expression for studying MTs in ases of unbounded and
bounded domains.
A. Unbounded domain
It has been shown in Setion IV that the steady state
distribution of MT lengths in this ase is exponential as
desribed by eqs. (16) and (17) with λ representing mean
length of a MT
m = λ. (23)
To nd NMT for a given Nn, we use a balane equation
for the number of available nuleation sites N0 ≡ Nn −
NMT :
KobssT Mg(l = 1) +KsDMs(l = 1) = KnN0, (24)
where Kn is a nuleation rate, whih in general depends
on c. The left-hand side of eq. (24) desribes the rate of
prodution of available nuleation sites by ompletely de-
polymerizing MTs. The rst term represents those MTs
whih experiene a atastrophe, while the seond term
stands for those MTs whih are already in the shortening
phase. Using (16), (17), and assuming that λ≫ 1, yields
A(KobssT +K
eff
gT ) ≈ KnN0. (25)
In addition, approximating summation by integration as
follows
NMT =
∞∑
l=1
(Mg(l) +Ms(l)) ≈
(
1 +
KeffgT
KsD
)
Aλ (26)
results in
NMT ≈ Nn
1 +
KobssT +K
eff
gT
λKn(1 +K
eff
gT /KsD)
. (27)
Substituting eqs. (23), (27) and (18) into eq. (22), and
using dependene of the rates on onentration , eq.
(1), yields an equation ctot = F (c), at steady state. This
equation relates free tubulin onentration  and total
onentration ctot, as a funtion of all given parameters.
B. Bounded domain
Here again we impose limitation on the maximal pos-
sible length of MTs not to exeed L. In the ase of a
bounded domain a steady state solution of eqs. (14) and
(15) an be alulated, and then m and NMT are de-
termined in a way similar to the previous ase. Notie
that the steady state does exist even if c > c∞eq . Sine
0 ≤ m ≤ L and 0 ≤ NMT ≤ Nn always hold, the seond
term in eq. (22) is non-negative and bounded. Therefore,
when  goes from 0 to ∞ so does ctot. If the right-hand
side of eq. (22) monotonially inreases with  then there
is a unique physially meaningful  for eah ctot, at steady
state.
It is shown in Appendix B that now
NMT ≈ Nn
1 +
KobssT +K
eff
gT
Kn
[
(1 +KeffgT /KsD)(1− e−L/λ)λ+ (KeffgT /Ke)(1 +KgD/KsD)e−L/λ
]
(28)
8and
m ≈ (1 +K
eff
gT /KsD)λ(λ − e−L/λ(L + λ)) + L(KeffgT /Ke)(1 +KgD/KsD)e−L/λ
(1 +KeffgT /KsD)λ(1 − e−L/λ) + (KeffgT /Ke)(1 +KgD/KsD)e−L/λ
. (29)
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Figure 3: Frequeny of atastrophe KobssT as a funtion of MT
growth veloity vg . Dots represent experimental data [16, 37℄.
Solid and dashed lines orrespond to ρ = 1/2 and ρ = 1,
respetively, and were obtained using the model (Setion III).
Inset: Two upper urves on the right are KeffgT /KgT and two
lower urves on the right are KeffsT /K
eff
gT .
When λ > 0 and L → ∞ eqs. (28) and (29) redue to
eqs. (27) and (23), respetively. When KeffgT → 0 and
KgD → 0, then λ ↓ 0 (so that λ > 0), NMT → 0 and
m → 0. When KeffgT → ∞ and KgD → ∞, then λ ↑ 0
(so that λ < 0), NMT → Nn and m→ L, as expeted.
VI. DISCUSSION OF THE RESULTS
A. Comparison with existing ap models
The ap model presented in this paper diers from
the approahes used in [2, 5, 16, 17℄. First, we don't
postulate atastrophe frequeny and growth veloity, or
derive them from numerial simulations, as was done in
[2, 5℄. Instead, we analytially derive these marosopi
rates from small-sale rates (suh as hemial rate on-
stants). Seond, we employ only spontaneous hydroly-
sis and don't use indued, or vetorial, hydrolysis; both
types of hydrolysis were used in [16, 17℄. Our model
agrees with the experimental data analyzed in [16, 17℄ as
an be seen from the main panel in Fig. 3. Speially,
the predited dependene of the atastrophe frequeny
on MT growth veloity is in agreement with experimen-
tal data.
The ap dynamis in the model proposed by Flyvbjerg
et al. [16, 17℄ is modeled by addition of tubulin from the
solution to the MT tip. This addition (polymerization)
is faster than the propagation of the indued hydrolysis
front (low end of the ap). Therefore, the ap length
would grow innite were it not for the spontaneous hy-
drolysis at some point inside the ap. When it ours,
the ap is redened as an interval between this sponta-
neous hydrolysis point and the MT tip. In this way, the
average ap size an be kept onstant at steady state.
Aording to Flyvbjerg et al. [16, 17℄, atastrophe o-
urs when this ap is lost, and it is postulated that the
remaining GTP-Tu units below the ap are not apable
of resuing the MT. This assumption is made in order
to allow for atastrophe to our. Otherwise, in many
ases the resue would immediately follow the ap loss.
While this piture is widely aepted, in our alternative
model the piture is even simpler. We use only one type
of hydrolysis and we don't need to make any additional
assumptions. In our model, there is a hydrolysis front
due to spontaneous hydrolysis of old enough units (see
Setion III). The veloity of this front is governed by the
age of the units inside the MT and hene it is always
approximately equal (with utuations) to the growth
veloity. Faster growth veloity leads to a longer ap,
reduing the atastrophe frequeny.
Dilution experiments have shown that sharp redution
in the onentration of free Tu to low or zero values re-
sults in ollapse of the MTs after a ertain delay. Impor-
tantly, this delay is pratially independent of the initial
free Tu onentration [38℄. Flyvbjerg et al. explain this
phenomenon by arguing that the dilution results in dom-
ination of spontaneous hydrolysis whih regulates the
waiting time before the ollapse. Therefore, this time
is almost independent of the initial ap size. Our model
yields the following simple explanation. When onen-
tration of free Tu beomes very low, two events must
our for the ap to disappear. The terminal unit should
be lost (rate KsT ) and the next unit should hydrolyze
(rate Kh). If this next to last unit is old enough to hy-
drolyze then, with high probability, the rest of the ap
has already hydrolyzed.
Dilution experiments reported in [38℄ and ited in [16℄
determine the average waiting time before the atas-
trophe as roughly 5-10s. Therefore, in Fig. 3 we set
Kh = KsT = 0.15s
−1
. If the shortening veloity (KsD) is
muh larger thanKsT , and if the loss of the terminal unit
is oneptualized as a two-stage proess of hydrolysis and
then falling, the equality Kh = KsT would indiate that
the hydrolysis rate of the terminal unit equals the hydrol-
ysis rate of the internal unit. Notie that we were not
able to t the atastrophe frequeny data if KsT and Kh
were signiantly dierent. In the dilution experiments
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Figure 4: Steady state onentration of free vs. total Tu
in the unbounded (thin lines) and bounded (thik lines)
domains. For a bounded domain maximal MT length L
is roughly 1400 units. For a bounded domain  reahes
its asymptoti value c∞eq(Kh). Hydrolysis rate is Kh =
10s−1. Full and dashed lines orrespond to ρ = 1/2 and
ρ = 1, respetively. Other parameters are Nn = 200,
V = 10−17m3 = 10−8µL, kgT = 5µM
−1s−1, KsT = 5s
−1
,
kgD = 0.5µM
−1s−1, KsD = 500s
−1
, Kn = KgD, Ke = KsT ,
and we use eq. (1).
spatial resolution was about 0.25µm [38℄, whih is about
30 heterodimers (per protolament), so that atual wait-
ing time before losing the terminal unit (heterodimer)
might be faster than the reported waiting time before
the ollapse. We used eq. (1) with kgT = 0.3µM
−1s−1,
however any value of kgT an be used, beause it en-
ters the formulas only through KgT = kgT c and there
is no expliit -dependene in the gure. The unit
length is taken to be the length of one heterodimer of
Tu, 8nm and hene 1 unit/s ≈ 0.5µm/min. Therefore
vg (µm/min) ≈ KeffgT /2 (units/s). In the inset of Fig. 3
we show the values of KeffsT /K
eff
gT and K
eff
gT /KgT . It is
seen that for vg > 0.2 one has K
obs
sT < K
eff
sT ≪ KeffgT and
hene vg ∝ KeffgT ∝ c.
B. Competition for tubulin and the edge eet
Here we study ompetition for a limited pool of free
tubulin and ombine it together with the ap model. At
steady state, the dependene of free tubulin onentra-
tion, , on the total tubulin onentration, ctot, is gov-
erned by tubulin mass onservation eq. (22). The result-
ing value of , in turn, denes the dynamis of MTs and
their ensemble distributions.
In the ase of an unbounded spatial domain, we have
reprodued the predition of the Oosawa and Kasai
model [39℄ inluding existene of a ritial onentration
of free tubulin c∞eq (see thin lines in Fig. 4). The steady
state annot exist above this value. Depending on the
hoie of parameters, the transition from almost linear
growth of , c ≈ ctot for low ctot, to the asymptoti value
c = c∞eq an be made sharp or smooth. (In Oosawamodel,
this transition is assumed to be sharp meaning that when
ctot < c
∞
eq there are no MTs and when ctot > c
∞
eq all the
exess tubulin above c∞eq goes into polymerized state.)
When the probability of resue is zero then c∞eq → ∞,
our model desribes the situation onsidered in [33℄.
If there is an upper bound on MT lengths, then at suf-
iently high onentrations of total tubulin, this bound
inhibits further polymerization of MTs (edge eet).
Hene, the steady state free tubulin onentration an
rise above its ritial value. This edge eet is demon-
strated by thik lines in Fig. 4 and was rst disussed
in [23℄. Under our referene onditions, it is seen that
for ctot > 20µM the edge starts playing an important
role. At suiently high ctot, the edge reestablishes lin-
ear growth of  with respet to ctot. The impliations
of this eet are as follows. If ctot is high enough, the
MTs grow persistently up until hitting the edge whih
triggers their atastrophe. This is onsistent with reent
experimental observations of persistent growth of MTs
in vivo [40℄. From our model it follows that by hanging
the number of nuleation sites while keeping the total
amount of Tu onstant the ell ould regulate the transi-
tion between mitoti (short) and interphase (long) MTs.
Next we ompare in Table II Monte Carlo simula-
tions (see Appendix A) with the results obtained by
using our ontinuous model. We hoose large domain
size so that MTs never reah the boundary and m = λ
(f. Eq. (23)). We run simulations for dierent pa-
rameter sets until steady state is reahed and then de-
termine free tubulin onentration, number of MTs and
their mean length, and estimate the ap size. Reall
that only MTs in growth phase have aps. Therefore,
we estimate the ap size ℓ of MTs in our simulations by
ℓ ∼ (1 +KeffgT /KsD) · #T/NMT , where #T is the number
of polymerized Tu units in T state. We also use eq. (19).
For the parameter values used in Table II simplied for-
mula for the estimated ap size ℓ ∼ #T/Nn has been
used.
Table II also ontains theoretial estimates orrespond-
ing to the simulated values disussed above. In addition,
the table inludes theoretial estimates of c∞eq and of the
ap size based on eq. (12). In most ases the simulated
results lie in between our two theoretial approximations,
for ρ = 1/2 and ρ = 1 respetively, in agreement with
the model desription of ap evolution. These approxi-
mations are given as two adjaent numbers in the ells of
the table displaying our theoretial estimates. When,
however, Kh beomes small, and  approahes a (eq.
(20)), our approximations seem to onsistently overesti-
mate the number of MTs, NMT . This should be improved
by resaling the rest of the rates, KgD, KsD, Kn and Ke,
whih is outside of the sope of this paper.
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Parameters Simulated results Theoretial estimates: n = (ℓ+ 1)/2, n = ℓ (see text)
Kh ctot Nn c m
#T
Nn
NMT c
∞
eq c λ ℓ
K
eff
gT
Kh
+ 1 NMT
∞ 36 2000 31.32 1416 0.759 1990 31.62 31.28 1430 1 1 1989
∞ 28 3000 27.46 117 0.734 2814 -- 27.48 112 1 1 2797
∞ 28 104, T seed 26.48 92.7 0.780 9908 -- 26.53 89.5 1 1 9909
105 36 2000 31.36 1401 0.997 1995 31.60, 31.57 31.25, 31.23 1437, 1444 1.0015 1.0016 1989
100 30 2000 20.78 2788 1.75 1992 21.05, 17.38 20.92, 17.29 2742, 3836 2.00, 1.82 2.03, 1.84 1994, 1996
30 15 2000 12.7 694 2.69 1969 14.7, 11.5 13.9, 11.2 347, 1139 3.16, 2.72 3.22, 2.77 1952, 1985
10 10 2000 7.51 758 3.94 1974 9.85, 7.48 9.02, 7.18 305, 857 5.04, 4.12 5.16, 4.20 1945, 1980
10 5 2000 4.91 35.1 2.25 1538 -- 4.95, 4.85 21.9, 52.1 3.06, 2.98 3.20, 3.07 1420, 1722
3 5 2000 3.94 327 5.66 1954 6.08, 4.59 4.64, 3.99 115, 312 7.22, 6.09 7.42, 6.21 1868, 1952
1 4 2000 2.56 443 8.51 1958 3.90, 2.99 3.24, 2.63 237, 420 12.5, 9.42 12.77, 9.53 1941, 1970
0.3 5 2000 1.795 971 14.0 1988 2.50, 2.00 2.31, 1.86 817, 950 23.6, 16.1 23.7, 16.1 1986, 1990
0.1 3 2000 1.379 496 19.8 1970 1.782, 1.510 1.573, 1.368 433, 494 32.1, 21.5 31.6, 20.8 1982, 1988
0.03 3 2000 1.192 553 32.9 1969 1.368, 1.234 1.262, 1.163 526, 555 50.7, 33.2 48.5, 31.1 1991, 1994
0.01 2 2000 1.080 286 42.5 1937 1.179, 1.112 1.097, 1.058 273, 284 65.6, 43.2 58.4, 37.0 1992, 1995
Table II: Comparison of simulated and theoretial results. All values reported here are at or very lose to steady state.
Cells ontaining two numbers show theoretial preditions for ρ = 1/2 and 1, respetively. Domain size is Lx = Ly = 10
−4
and Lz = 10
−7
(m). It is ensured that the domain is long enough so that the MTs don't reah the boundary for the given
parameters. Here kgT = 5, KsT = 5, kgD = 0.5, KsD = 500, KgT,gD = kgT,gDc. For nuleation rate we use Kn = KgD, i.e., a
D seed, exept for the third line, where it is a T seed, Kn = KgT . #T/Nn is an estimate for the ap size - see Setion VIB.
Initially all Tu is free and its onentration is ctot. Notie that c < c
∞
eq .
C. Non-steady-state phenomena
Our numerial simulations are also apable of repro-
duing and explaining two other phenomena observed
in experiments. Speially, (i) in some ases the non-
exponential MT length distribution and (ii) deaying
osillations in free tubulin onentration have been ob-
served.
MT length distributions. It is often mentioned in the
literature that the steady state length distribution of
MTs observed in the experiments is either exponential
or bell-shaped [8, 9, 10, 41, 42, 43℄. Exponential dis-
tribution agrees with our model. Inability to obtain a
bell-shaped distribution seems to indiate a limitation
to our model. While we don't exlude the possibility
that some rates might depend on the MT length, as
proposed by [8, 9℄, or on time spent in a given phase
[44, 45℄, we suggest two alternative ways of obtaining
bell-shaped distributions under ertain onditions. First,
one should be areful in determining when the system
reahes the steady state in the experiment or simulation.
As our simulations demonstrate, the system reahes the
onstant free tubulin onentration and MTs reah on-
stant mean length relatively quikly. (The number of
MTs does not hange muh heneforth.) By that time
the MT length histogram is often bell-shaped as illus-
trated in Fig. 5 and Fig. 6. This an be explained as
follows. When MTs start growing from nuleation sites
there is an exess of free tubulin. Therefore, the growth
is originally unbounded leading to a Gaussian shape. If
the ell edge (upper boundary) is far away, in the ourse
of this growth the free tubulin onentration drops and
reahes its steady state value. At this time the shape
an still be lose to a Gaussian (f. [10, g. 4℄). This
is followed by a long proess of a shape hange of the
MT length histogram with free tubulin being onstant.
Eventually, this results in an exponential shape and in
system reahing true steady state. This situation is well
desribed in [46, 47℄.
A bell-shaped distribution an be also obtained in a
bounded domain when the steady state onentration of
free tubulin is high enough for unbounded growth of MTs
if it were not for a ell edge (i.e., if c > c∞eq ). In this situ-
ation we predit positive exponential distribution of MT
lengths, in the ase when all MTs an reah idential
maximal length restrited by the edge, onsistent with
[11, 15℄. As an be seen in experiments, however, MTs
are urved and ell shape is not ideally spherial or iru-
lar, so that dierent MTs experiene dierent restritions
(e.g., [40, 42℄). This an lead to an MT length histogram
of a bell-shaped form, in true steady state.
Osillations. In some of the simulations we observed an
overshoot in free Tu onentration before the steady state
was reahed. Moreover, in some ases there were slight
osillations of free Tu onentration, as shown in Fig.
7. Overshoots and large osillations have been reported
and modeled in the literature [9, 12, 26, 48, 49, 50, 51,
52℄. It is believed that slow onversion of D- into T-
tubulin in solution, after the depolymerization, is the key
to understanding of suh osillations. These osillations
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Figure 5: Histograms of MT lengths after 80 (left) and 160 (right) seonds from the beginning of polymerization. The
onentration of free Tu in both ases is lose to steady state value: 7.63 and 7.51 µM, respetively. Although the onentration
has reahed steady state after 80 se, the length distribution of MTs is still hanging. Here Kh = 10s
−1
, ctot = 10µM and rest
of the parameters are speied in Table II.
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Figure 6: Histogram of MT lengths after 150 seonds from
the beginning of polymerization. The onentration of free Tu
is 1.382 µM and has reahed its steady state value (to within
random utuations). Kh = 0.1s
−1
, ctot = 3µM and rest of
the parameters are speied in Table II. Note the bimodal
harater of the distribution.
our if initial free Tu onentration is suiently large.
Free D-tubulin annot polymerize. In our model we as-
sume its onversion into T-tubulin to be instantaneous.
We also use linear (and not higher order) dependene
of nuleation rate on free Tu onentration, and a xed
number of nuleation sites. It is remarkable that under
these restritive assumptions the model produed some
osillations. We suggest the following explanation for
their existene. If the hydrolysis is slow enough, the
MTs grow quikly in the beginning, resulting in a large
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Figure 7: Small osillations in the amount of polymerized
Tu observed in numerial simulations for Kh = 0.1s
−1
, ctot =
50µM and Nn = 10
4
. Other parameters are as in Table II.
Inset is a blowup of the region of osillations.
ap. When free Tu onentration hanges quikly, the
ap needs a relatively long time to adjust. This leads to
a delayed response, and possibly to osillations. Hene it
might be that the ability to produe osillations is inher-
ent to MT struture, and that it an be magnied under
ertain experimental onditions.
VII. CONCLUSIONS
In this paper we analyze a novel model of MT dynamis
in a domain bounded by the ell edge whih involved
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ompetition of individual MTs for tubulin. The model is
based on a linear 1D approximation of a MT struture.
We onsider the role of the boundary and extended the
model to inorporate nite hydrolysis.
One of the main results of the paper is an estab-
lishment of a link, by using analytial formulas, be-
tween mirosopi parameters desribing polymeriza-
tion/depolymerization and hydrolysis of individual units,
and marosopi (observable) harateristis of the MT
dynamis and ensemble. We demonstrate how to ap-
proximate marosopi steady state behavior of MTs us-
ing mirosopi rates and vie versa, extrat mirosopi
rates from marosopi behavior. Hene, it is possi-
ble to analytially and quantitatively predit the eet
of hanges in mirosopi parameters on observable fea-
tures, as well as to dedue mirosopi hanges from ob-
served hanges in marosopi behavior, when relevant
geometry and hemistry is taken into aount.
We onsider the ell edge, and derive expressions har-
aterizing MT distributions in the ase of a nite pool
of tubulin units. We perform Monte Carlo simulations
to ompare with our theoretial results, and nd a good
agreement between the two.
The key ingredient in establishing a link between
miro- and maro-parameters is the ap model, whih
allows one to replae the atual ap onsisting of many
units by an eetive single unit. The ap model behav-
ior agrees with experiments measuring atastrophe fre-
queny as a funtion of free tubulin onentration as well
as with dilution experiments.
We also use omputational Monte Carlo model to pro-
vide an explanation for a non-exponential MT length dis-
tributions observed in experiments.
We plan to develop in future a detailed model for
an individual MT whih will take into aount the MT
protolament struture, and to use this model for investi-
gating eets of various MAPs on the dynami instability.
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Appendix A: COMPUTATIONAL MODEL
In what follows we provide a short desription of
the numerial algorithm used for our simulations, whih
slightly diers from that used in [23℄. At time zero, MTs
begin to grow from the nuleation seeds. At eah simu-
lation step, the time of this step is alulated by dening
the rates of hange in length (either growth or shorten-
ing) for eah MT. If the MT tip is in T (D) state then
this rate of hange is K = KgT (gD) + KsT (sD). We de-
mand that the maximal average number of hanges for
eah MT will be 1, whih means that we nd a maximal
value among all K and then set ∆t = 1/maxMTs{K}
[a tehnial note - we set ∆t slightly below this value
beause the rate K for a given MT an hange slightly
as  is aeted after eah MT hanges its length; these
hanges in  are usually very small℄. Then, in general,
eah MT will have a hane to grow, shorten, or retain its
length during ∆t. We don't allow distribution of possi-
ble number of length hanges for an MT during ∆t (only
zero or one hange is possible). After the length of eah
MT is updated, we update  aordingly; after updating
the lengths of all MTs, the hydrolysis yle runs through
all internal units of all MTs. The probability that a unit
will hydrolyze during time ∆t is taken as 1 − e−Kh∆t,
assuming Poisson statistis.
All MTs have their rst unit in D state and this unit
annot be lost - this onstitutes a simple nuleation seed
with lower growth probability than when the MT tip is in
T state (these units are not ounted when alulating the
lengths of the MTs). Similarly, when the edge is relevant
we an assume Ke = KsT . Suh hoies are made purely
to redue the number of parameters in the system, and
are not essential for our purposes.
Appendix B: EXPLICIT SOLUTION IN THE
BOUNDED DOMAIN
In what follows we obtain expressions for NMT and m
in the bounded domain at the steady state. Notie that
in our model all the MTs of the maximum length L are
tehnially in the growing phase, beause their terminal
unit an never beome internal and therefore does not hy-
drolyze. (These MTs annot grow beause of the edge.)
The edge-indued atastrophe rate Ke will be governed
by the smallest of the rates KsT , Kh. The disrete ver-
sion of eqs. (14) and (15) determining a steady state at
the boundary
0 = −KeMg(L)+KgDMs(L−1)+KeffgT Mg(L−1), (B1)
0 = KeMg(L)−KgDMs(L− 1)−KsDMs(L− 1). (B2)
After summing up these two equations we reover
Ms(L− 1) = (KeffgT /KsD)Mg(L − 1), (B3)
whih is already known (f. (19)) and so one of these
equations is superuous. Another way to nd Mg,s is to
write the general solution of (14), (15): Mg = Ae
−z/λ +
B,Ms = (K
eff
gT /KsD)Ae
−z/λ+(KobssT /KgD)B and plug it
in (B3) yielding B = 0 unless (KobssT KsD)/(K
eff
gT KgD) =
1 in whih ase B is arbitrary. But this last ondition
implies λ → ∞ and hene Mg,s are onstant inside the
domain. At the lower domain boundary, eq. (24) still
holds.
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The number of MTs is given now by
NMT =
L−1∑
l=1
(Mg(l) +Ms(l)) +Mg(L) = Nn −N0. (B4)
Using eqs. (16), (17), (24) and (B1) and replaing the
summation by the integration from 0 to L we an deter-
mine A and hene NMT , whih is given in eq. (28).
Similarly, mean MT length is
m =
L−1∑
l=1
l(Mg(l) +Ms(l)) + LMg(L)
L−1∑
l=1
(Mg(l) +Ms(l)) +Mg(L)
(B5)
leading to eq. (29).
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